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ABSTRACT 

— 

The  secular  equation  is  obtained  for  small  amplitude 
waves  propagated  in  an  arbitrary  direction  in  a body  of  in- 
compressible isotropic  elastic  material  subjected  to  a pure 
homogeneous  deformation.  Conditions  are  obtained  that  the 


wave  speeds  be  real. 
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1 . Introduction 

In  a previous  paper  [1] , we  have  considered  the  propagation 
of  plane  sinusoidal  waves  of  infinitesimal  amplitude  in  an  in- 
compressible isotropic  elastic  material  which  is  subjected  to 
an  initial  static  pure  homogeneous  deformation.  There  the 
secular  equation  was  obtained  for  waves  propagated  in  an  arbi- 
trary direction  in  a principal  plane  of  the  pure  homogeneous 
deformation.  The  requirement  that  the  wave  speeds  be  real  for 
all  such  directions  of  propagation  led  to  certain  necessary  and 
sufficient  conditions  on  the  form  of  the  strain-energy  function 
w . These  conditions  are  expressed  by  equations  (4.6)  below 
with  the  notation  of  (3.13).  The  conditions  (4.6)^  were  pre- 
viously given  by  Baker  and  Ericksen  [2],  while  the  conditions 
(4 . 6) 7 were  not,  we  believe,  previously  known. 

In  another  paper  [3],  we  conjectured  that  more  stringent 
conditions  on  w than  those  in  (4.6)  might  arise  from  the 
requirement  that  the  wave  speeds  be  real  for  arbitrary  direc- 
tion of  propagation,  not  necessarily  in  a principal  plane  of 
the  static  pure  homogeneous  deformation.  It  is  argued  here 
(§5)  that  this  is  certainly  not  true  in  the  case  when  two  of 
the  principal  extension  ratios  are  equal. 

In  the  present  paper  we  obtain  the  secular  equation  for 
waves  propagated  in  an  arbitrary  direction  in  the  deformed 
material.  From  it  we  easily  obtain  necessary  and  sufficient 
conditions  that  the  wave  speeds  be  real.  However,  these  con- 
ditions involve  not  only  the  principal  extension  ratios  and 
the  derivatives  of  w with  respect  to  the  strain  invariants. 
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but  also  the  direction  of  wave  propagation.  We  have  not,  so 
far,  been  able  to  obtain  the  necessary  and  sufficient  con- 
ditions in  a form  which  is  independent  of  this  direction  for 
arbitrary  strain-energy  functions  and  arbitrary  values  of  the 
principal  extension  ratios  associated  with  the  pure  homogeneous 
deformat  ion . 

However,  in  §6,  it  is  shown  that  for  strain- energy  functions 
of  the  Mooney-Rivl in  type,  the  Baker-Er icksen  conditions  provide 
necessary  and  sufficient  conditions  for  the  velocities  of  waves 
propagated  in  an  arbitrary  direction  to  be  real.  Essentially 
the  same  result  was  previously  obtained  by  Ericksen  [4]  in  his 
study  of  the  propagation  of  a second-order  discontinuity  in  an 
incompressible  isotropic  elastic  material. 

Finally,  in  §7  it  is  shown  that  if  w depends  on  only  one 
of  the  two  strain  invariants  ^ and  in,  defined  in  (2.4), 
then  the  restrictions  expressed  by  equations  (4.6)  are  necessary 
and  sufficient  that  the  wave  speeds  be  real  for  arbitrary  direc- 
tion of  propagation. 
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2 . Basic  equations 

We  consider  a body  of  incompressible  isotropic  elastic 
material  subjected  to  a pure  homogeneous  deformation  with  exten- 
sion ratios  A^A^A^  and  principal  directions  parallel  to  the 
axes  of  a rectangular  cartesian  coordinate  system  x . In  this 
deformation,  a particle  which  initially  has  vector  position  E, 
with  respect  to  the  origin  of  the  system  x moves  to  vector 
position  X , where 


AC  . A = d iag  (A  T , A g » X 3 ) 


(2.1) 


detA  = A1A2A3  = 1 . 


(2.2) 


We  now  assume  that  a plane  sinusoidal  wave  of  small  ampli- 
tude propagates  in  the  deformed  material.  With  the  usual  com- 
plex notation,  the  vector  displacement  u may  be  written  in 
the  form 


u = U exp i [to  (S£  *X- 1)  ] , 


(2.3) 


where  U is  a constant  vector,  m is  the  angular  frequency 
of  the  wave,  S is  its  complex  slowness  and  Z is  a unit  vec- 
tor in  the  direction  of  propagation. 

For  an  incompressible  isotropic  elastic  material,  subjected 
to  a deformation  in  which  a particle  initially  at  C moves  to 
x at  time  t , the  strain-energy  w , measured  per  unit 
volume,  is  expressible  as  a function  of  i1  and  i2  , thus 
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w = w(i1,i2)  , (2.4) 

where  i and  i0  are  defined  by 

i,  = tr  c , i„  = ^-[  (tr  c)"  - tr  c 2]  , (2.5) 

and  c = ||  c^j  Ji  is  the  Fingerstrain  matrix,  referred  to  the 
system  x , defined  by 


c 


x . x . 
i ,a  j ,a 


(2.6) 


x^  and  are  the  components  of  x and  £ in  the  system  x 

and  ,a  denotes  differentiation  with  respect  to  . Corres- 

pondingly, the  Cauchy  stress  matrix  a = ||  a ^ . ||  , referred  to 
the  system  x , is  given  by 

a = 2[(w1  + i1wr)c  - w,,c'  ] - p6  , (2.7) 


where  p is  an  arbitrary  hydrostatic  pressure,  6 is  the  unit 
matrix,  and  the  notation 


w\  = i)w/9ij  , w0  = 3w/9i,  (2.8) 

is  used.  Since  the  material  considered  is  incompressible,  the 

deformation  gradients  x-  must  satisfy  the  condition 

i »a 

detlx-  1=1.  (2.9) 

I 1 *a  | 


We  now  assume  that 
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x - X + Re  u = A£  + Re  u , (2.1 

where  u is  given  by  (2.3)  and  is  assumed  to  be  sufficiently 
small  so  that  we  can  linearize  in  it.  We  then  obtain  [1]  from 
(2.7)  and  the  equations  of  motion,  the  following  equation 


s fQij-Q^ij  )*j  = . 


(2.11) 


where  Q is  an  arbitrary  constant  and  Q_  is  defined  by 


Qij  = RijkUk  ’ 


(2.12) 


with 


“ABC  ' 2(tWi*ai-Al-xl)W2)(x|VBC  * X§VaC> 


* 2XAXcW  Wll*(2Il"XA'JC^W12 


(2.13) 


+ 6AB^  * 


In  (2.13)  the  notation 


X1  = 1l|u=0 


W.  = 

1 3l, 


u=0 


I 


2 

W„  = 


2 | u*0  ’ 

3w  I 


2 ~ 5T, 


2 u=  0 


(2.14) 


W. 


92w 


is  used. 


11  3i  l 


etc . 


u=  0 


The  summation  convention  is  not  applied  to  upper  case  Latin 
subscripts . 


I I 1 1 - ■ I 
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In  a similar  manner,  we  obtain  from  (2.9),  (2.10)  and 
(2.3), 


Ui*i  = 0 • (2.15) 

In  the  previous  paper  [1],  we  used  (2.11)  and  (2.15)  to 
obtain  the  secular  equation  for  S in  the  particular  case  when 
the  wave  propagates  in  a principal  plane  of  the  pure  homogeneous 
deformation,  i.e.  when  either  J^,  &2,  or  £3  is  zero.  In  the 
next  section,  we  obtain  the  secular  equation  without  this 
restriction. 
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3 . The  secular  equation 

We  can  eliminate  Q from  equation  (2.11)  by  multiplying 
it  throughout  by  cmni^n  where  emr  ■ is  the  alternating  symbol 
We  then  obtain 


e . aQ . . I i . = e . i U . 
mm  n 3 mm  n 1 ’ 


where  we  have  introduced  the  notation 


a = S ' / p . 


Introducing  (2.12)  into  (3.1),  we  obtain 


RmkUk  = 0 


where 


R . = e . foR.  - 6.. 

mk  miuv  13  k 3 ik'  1 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


We  note  that  the  three  equations  represented  by  (3,3)  are  not 
linearly  independent,  since  R , £ is  identically  zero. 
Taking  m = 1 and  2 in  (3.3),  we  have  two  equations 


RlkUk  = 0 * RRkUk  = ° 


(3.5) 


The  necessary  and  sufficient  condition  for  (3.5)  and  (2.15) 
to  yield  a non-trivial  solution  for  is 


i 


u iv  lairfraiMT  ■ 1 in 


9 


eijkRljR2k*i  “ 0 


(3.6) 


With  (3.4)  this  can  be  rewritten  as 

2 _ 

oco  - go  + Y = o , (3.7) 

where 

“ ■ Sjkhmn^rs^p/sqkVqVrb  > 

8 ' EljkElmne2rstRnpjVsk  * RsqkVnj  > Wi  • <3-8> 

* " eijkelmjE2rkp'i^mf'r  * 

After  some  algebraic  manipulation,  we  obtain 


“ ' VijkVpVbR2pjR3qlc  * *2R3pjRlqk  * *3RlPjR2qk> 


6 = £ £ (R,  , - £.  £ R.  ) , 

3 p kpk  k r kpr7  * 


(3.9) 


Y " *3  • 


Introducing  (3.9)  into 


(3.7),  we  obtain,  provided  that 


* 


*3^0, 


acr  - go  + 1 = 0 


(3.10) 


* If  £^  = 0 , we  take  m = 2 and  3,  or  3 and  1,  in  (3.4)  to 

obtain  another  pair  of  equations  instead  of  (3.5).  Then,  by 
a similar  procedure  to  that  used  above,  we  arrive  at  (3.10)  with 
(3.12). 
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where 


01  = A B C eABcJlA>lP?'Q('£lR2PBR3QC  + £2R3PBRlQC 

P,Q 

+ £3R1PBR2QC) 


(3.11) 


B =a  n r£BfRABA  " £A£CRABC) 

A J D J L 


Now,  introducing  (2.13)  into  (3.11),  we  obtain 


a = 4(A^+.  .){  (A^Sj^  +>  ) 

+ WXt  £2£3(X2'X3)2M1 

+ 4W2[^a2£2J12(X2.x2)2mi  +>>] 

- 16£^2£2(X2.x2)2a2.A2)2CA2_A2)2(w2^w^W22)  > (3.!2) 

B = 2{[K1(\22l22  + \2i2)  +..  ] 

- [(x|-x|52*|a|Ml  ♦..]}  , 


where  the  dots  denote  terms  obtained  from  those  shown  by  cyclic 
permutation  of  the  subscripts  1,2,5  on  the  X’s,  I's,  K's  and 
M's,  and  K A and  M A are  defined  by 


MA  = 


W1  + XAW2 


2(Wil+  2X2W12+  X>22) 


(3.13) 
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From  (3.12)  it  follows,  after  somewhat  lengtny  algebraic 
manipulation,  that 


(3.14) 


It  is  of  interest  to  note  that  82*  4a  is  independent  of  . 

The  necessary  and  sufficient  conditions  for  the  secular 

equation  (3.10)  to  yield  two  positive  roots  for  a , i.e.  for 
2 

S , are 

a > 0 , 8 > 0 , 82>  4a  . (3.15) 

The  remainder  of  this  paper  is  concerned  with  the  conditions 
which  must  be  satisfied  by  w so  that  (3.15)  shall  be  satisfied. 
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4 . Propagation  in  a principal  plane 

If  the  direction  of  propagation  of  the  wave  lies  in  the 
principal  plane  normal  to  the  3-direction,  so  that  H - 
then  equations  (3.12)  can  be  written  as 

a = 4(A  :£,  K?+  A^£pK,  ){K.  (A1£1-A2£pt 

+ +A2)2[K;+  (A1-AJ2M3]}  , 

(4.1) 

3 = 2(X2£2K2  + A2t2K,  + K3  (Xi£2-X2£2)2 
+ £l£2(Xl+X2)2[K3+tXl'X2)2M3]} 

and  equation  (3.14)  can  be  written  as 

32-4cx  = 4{W2[\2£2(\2-\2)  + X|£2(A2-X2) 

+ Zhu A?-A?)2M  }2  (4.2) 

-L  c.  1 ci  D 

We  note  that  the  weak  inequality  (3.15)-  is  automatically 
satisfied . 

Again,  if  the  direction  of  propagation  of  the  wave  is  a 
principal  direction  for  the  pure  homogeneous  deformation,  say 
the  direction  (1,0,0),  then  equations  (4.1)  become 

a = 4A'Jk2K3  , 3 = 2A2(K.+K3)  . (4.3) 

Analogous  expressions  for  t and  6 may  be  written  in  the 
cases  when  the  direction  of  propagation  is  (0,1,0)  and  (0,0,1) 
and  it  is  then  seen  that  necessary  conditions  for  a > 0 and 


3 > 0 are 


K,  > 0 (A  = 1,2,3)  . 

l\ 
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These  conditions  are  known  as  the  Baker-Ericksen  conditions  [2], 
Returning  to  (4.1)^,  we  see  that  provided  (4.4)  is  satis- 
fied, the  necessary  and  sufficient  condition  for  a > 0 is 


C3+  (W  V ° * 


(4.5) 


If  (4.4)  and  (4.5)  are  satisfied  then,  from  (4.1)2,  8 > 0 . 

Analogous  arguments  based  on  the  expressions  for  a and  8 
obtained  by  taking  z = (0,£-2,&3)  and  (i^.O,^)  in  (3.12), 
lead  to  the  conclusion  that  the  necessary  and  sufficient  conditions 
for  (3.15)  to  be  satisfied  for  all  Z parallel  to  a principal 
plane  are 


Ka  > 0 and  (XB-\crMA  + KA>  0 , 


(4.6) 


where  A,B,C  is  a cyclic  permutation  of  1,2,3.  This  result  was 
previously  obtained  by  a slightly  different  path  in  [1]. 

It  will  now  be  shown  that  if  the  conditions  (4.6)  are  satis- 
fied by  w , then  8 > 0 for  all  Z . To  see  this  we  rewrite 
(3 . 1 2 ) 2 in  the  form 


where 


A-e  - [K1t(X2£|-X3£|)2*  a*(^H* \m 

+[...]  + [...]+  b , 


b = l(\2*X3)2zlz23U\2-\3)2M^  Kx}] 


[ ...  1 


(4.7) 


(4.8) 


m 
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5 . Two  principal  extension  ratios  equal 

In  this  section  we  will  show  that  if  two  of  the  principal 
extension  ratios  are  equal,  then  the  conditions  (4.6)  imply  that 
the  conditions  (3.15)  are  satisfied  for  arbitrary  £ 


Let 


A2  = A3  = X * say 


(5.1) 


Then,  from  (2.2) 


X = X 


-2 


(5.2) 


and  the  inequalities  (4.6)  become 


K > 0 , K > 0 , 


(X3-1)2M  + A^K  > 0 , 


(5.3) 


where , from  (3.13), 


K!  = V , K = K2=  K3=  W1+  A2W2  , 


M = M2=  M3=  2(W11+2A2W12  + AUW22)  . 


(5.4) 


With  (5.4),  we  obtain  from  (3.12) 
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a = 4X"1'  f£2K  + ArJC«-|^Jt|)K1>{Xl4tX3CS.g  + Jl|)  - £2]2K 

+ (X3  + 1)2£2(£2+£2)[(X3-1)2M  + X**K]}  , 

e = 2{(£;+£2)  [ (k1+k)x?  + mx~8(x6-i)2£2] 

+ 2KX~U£2}  . 


(5.5) 


It  follows  from  (5.4)  and  (5.5)  that 

32-4a  = 4 \ ' ‘ (a’  -P  '(£.  + £;  )r  [.\'  IV  + (X6-1)£2M]2  . (5.6) 

It  is  evident  that  if  the  conditions  (5.3)  are  satisfied,  then 

O 

the  expressions  for  a, 8 and  8 -4a  given  in  (5.5)  and  (5.6) 
sat isfy  (3.15). 

This  result,  that  if  two  of  the  principal  extension  ratios 
are  equal,  the  conditions  (4.6)  imply  (3.15)  for  arbitrary  £ , 
is,  of  course,  by  no  means  unexpected.  For  the  conditions 
(4.6)  are  the  conditions  that  (3.15)  be  valid  for  all  £ 
parallel  to  a principal  plane.  Tf  two  of  the  extension  ratios 
are  equal  then  arn^  direction  is  parallel  to  a principal  plane. 

It  should  be  noted  that  even  if  we  restrict  ourselves  to 
underlying  pure  homogeneous  deformations  for  which  two  of  the 
principal  extension  ratios  are  equal,  we  cannot  ensure  that 
the  velocities  of  wave  propagation  shall  be  real  for  all  propa- 
gation directions  by  imposing  restrictions  on  w beyond  those 
implied  by  (5.3).  For,  we  can  choose  a direction  of  propagation 
for  which  2^  = 1 and  obtain  from  (5.5)-,,  8 * 4KX""4  , so 
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that  the  conditions  B > 0 and  K > 0 are  identical.  Again, 
by  choosing  = 0 , (5.5)^  becomes  a = , which,  with 

K > 0 and  the  condition  a > 0 , yields  > 0 . Finally, 
it  is  possible  to  choose  a direction  of  propagation  for  which 
J!2  = A (£^+£2)  , and  it  follows  from  (5.5)j  , with  > 0 

and  K > 0 , that  a > 0 only  if  (5.3)2  is  satisfied. 

In  a previous  paper  [3] , Sawyers  and  Rivlin  conjectured 
that  the  conditions  (4.2),  which  are  the  necessary  and  sufficient 
conditions  for  the  wave  velocities  to  be  real  for  directions  of 
propagation  parallel  to  a principal  plane,  might  be  replaced  by 
the  stronger  conditions 

Ka  > ° , (XA  + XB)2MC  + Kc  > 0 , (5.7) 

where  A,B,C  is  a cyclic  permutation  of  1,2,3,  if  we  wish  to 
ensure  that  the  wave  velocities  be  real  for  arbitrary  directions 
of  propagation.  That  this  is  not  true,  in  general,  is  evidenced 
by  the  above  discussion,  and  also  from  the  results  given  in 
§7  below. 
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6 . The  Mooney- Rivl in  material 

We  now  consider  a material  for  which  the  strain-energy 
function  is  given  by 


w = C1Ci1-33  + C2(i2-3) 


where  C1  and  C 2 are  constants.  Then, 


V C1  > W2  = C2  • hll-  “22  = W12-  0 


It  follows  from  (3.13)  that 


(6.1) 


(6.2) 


ka  ■ C1  + 


XAC2 


M, 


(6.3) 


Then,  from  (3. 12) , 


a = 4(X^2+  ..  ){\2£2k^+  _ | , 
3 = 2[K1(X^2+  X^)  + > j . 


(6.4) 


We  shall  assume  that  the  underlying  pure  homogeneous  de- 
formation to  which  the  body  is  subjected  is  such  that  the  three 

* 

principal  extension  ratios  are  all  different  . We  may  assume, 
without  loss  of  generality,  that  X^ > Xg>  X^  . It  follows  from 
(6.4)  and  (6.3)j  that 


* If  this  is  not  the  case,  the  analysis  of  the  preceding  section 
is  applicable. 
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82-4a  = 4C2{[X^2a2.A2)  + A^^-A^)  . (x2.x2}  3 2 

+ 4X2A2£2£2CX2.X2)(X2.X2)}  > (6.5) 

From  (6.4)  it  follows  that  the  conditions  a > 0 , g > 0 
are  satisfied  for  all  £ if  and  only  if  k'A  > 0 (A=l,2,3)  . 

It  is,  of  course,  evident  from  (6.5)  that  the  condition 

2 

g -4a  ^ 0 is  automatically  satisfied. 
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7 . Two  additional  special  cases 

In  this  section  we  shall  discuss  the  cases  when  w is  a 
function  of  i1  only  or  of  i only. 

If  w is  independent  of  i, , so  that 

w = f(ix)  , (7.1) 

then  equations  (3.13)  become 

KA  = f'  * MA  = 2f”  CA-1,2,3)  , (7.2) 

where  the  prime  denotes  differentiation  with  respect  to  i 
The  conditions  (4.6)  then  become 

f’>  0 , 2(AA-XB):-f"  + f’>  0 . (7.3) 

where  AB  = 23,  31,  12. 

With  (7.1)  and  (7.2),  we  obtain  from  (3.12)^  and  (3.14) 
a = 4(A2r  + . . )f'{  (A‘Jri+  . . )f  ’ 

+ 2f"[ (A;  , (7.4) 

B?-4a  = 16[(A2-A2)2£2Jt2  + ..  ]2(f")2  . 

It  is  evident  that  B‘  -4ot  _>  0 for  all  forms  of  f . 

We  shall  now  show  that  a > o for  all  functions  f which 
satisfy  (7.3).  It  is,  of  course,  evident  that  the  conditions 
(7.3)  are  satisfied  for  all  functions  f for  which  f’>  0 and 
f">_  0 and,  for  all  such  functions,  a > 0 . We  accordingly 
consider  only  functions  f for  which  f'>  0 and  f"<  0 . 
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Let  us  assume  that  A^  > A^  > A ^ . Then,  the  condition 

2(A1-A3)2f”  + f'  > Q 


implies  the  remaining  two  conditions  (7.3)7.  We  may  rewrite 
(7.5)  as 


2(VV2f  + = G » £ > 0 . 

Then,  with  (7.6)1,  equation  (7.4)j  becomes 


Ca1-a3)? 


f '(Ff ' + e[  (A 2-A2)2£2£2  + 
2 3 2 3 


where 


F = CArA3r(A2*2+  ..  ) - [(A2-A2)2£2£2  ] . 


We  now  show  that  F > 0 . Since  £2  = l-J>2-£2  , we  can  re- 


write (7.8)  as 


, 2 . ,,  2 , 2 


F = A^(A1-A3)c+  (A^-Ag) [ ( A 1 - A 3 ) 2-  (A2-A2)]£2 

- (*2-*3H(VX3)2+  fX2'X3^£3 
+ [(x2-x2^i-  (X2-A2)£2]2  . (: 

Regarding  F as  a function  of  £2  and  £2  , we  see  that  if 
F has  a minimum,  it  occurs  when  3F/3  (£2)  = 9F/3(£2)  = 0 , 
i.e.  when 


The  case  when  two  of  the  A's  are  equal  is  covered  in  §5 


21 


(xrx2}*r  c^-xp^=  -|[cx1-x3)2-  (x2-x2)]  , 

(X2-X|)*2_  (X2.X2)£2=  -1[(Xi-X3)2.  (X|-x|)]  . 


(7.10) 


Since  X^  > , equations  (7.10)  evidently  yield  no  solution 

2 2 

for  £ ^ and  £_  and,  accordingly,  F cannot  assume  a minimum 
value . 

We  find,  from  (7.9)  and  the  fact  that  £ is  a unit  vector, 

that 


v° 


cxrx3)2(x2*2-x3£2)2 

+ (X2+x3)2(Xi-X2)(Xi+X2-2x3)£2£2  > 0 , 


V° 


(xrx3)2(xi£i'x2£2)2 


(7.11) 


* (X1  + X2)2(X2-X3)  (2X1-X2-X3)£2£2  > 0 , 


v° 


(X1-X3)2(X1£2-A3£2)2  > 0 


We  note  that  FL  _ = 0 if  and  only  if  X1£2-X  £2  = 0 . 

j x.  0 — u .3  .3 

2 2 

The  domain  in  the  £^,£3  plane  for  which  £ is  a unit  vector 
is  the  triangular  domain  bounded  by  the  lines  £^  = 0,  £3  = 0 
and  £^  + = 1 . It  follows  from  (7.11)  that  F ^ 0 on  the 

boundary  of  this  domain.  If  F < 0 at  any  point  in  the 
interior  of  the  domain,  it  follows  (see,  for  example,  [5]) 
that  it  must  assume  a minimum  value  in  the  interior  of  the 
domain.  However,  we  have  seen  that  it  does  not  assume  such  a 
minimum.  Accordingly,  F >_  0 at  all  points  of  the  closed 
domain,  i.e.  for  all  £ . It  follows  from  (7.7)  and  (7.6)  that 
a > 0 for  all  £ if  w has  the  form  (7.1)  and  the  conditions 
(4.6)  are  satisfied. 
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We  now  turn  to  the  case  when  w is  independent  of  ^ and 


write 


w = g (i„) 


Then,  the  conditions  (4.6)  become 


g'  > 0 , 2(Aa-Ab)2  A2  g”+  g'  > 0 , 


where  the  prime  now  denotes  differentiation  with  respect  to 
i2  . With  (7.12)  and  (3.13),  we  obtain  from  (3.12) 


a = 4g  ' (g ' 4,u+  2g"(j>3)  g = 4 (g  ' <j>2+  g"c(,1)  , 


= 1 6 { ^ (g")2  + 2 (4>1d>2 - d>3 ) g ' g”  + (<t>2-<^)  (g'  )d)  , 


where 


A^(A2-A2)2£2£2  + 

K\2(*H) + ' 

A2(A2-A2)2£2£2  + 
A2£2  + ..  . 


We  may  rewrite  (7.14)-,  in  the  form 

4> 

B2-4a  = 1 6 { [4>1g"  + (<P2-  ^ )g']‘° 

+ *i*4"  *3)*  • 


After  some  lengthy  calculation,  we  obtain 


24>1d>24>3 - 4>3  = A2£2£2(A2-A2)2(A2-A2)2(A2-\2)2  1 0, 


(7.17) 
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f 


Thus,  the  condition  8 - 4a  >_  0 is  satisfied  for  all  g . 

It  is  evident  that  the  conditions  (7.13)  are  satisfied  for 

all  g for  which  g'  > 0 and  g"  > 0 and,  a > 0 for  all 

such  g . We  accordingly  consider  only  functions  g for  which 

g' > 0 and  g < 0 . Let  us  assume  . Then,  since, 

with  (2.2), 

A2(^-A3)2  > A2(A2-A3)2  , A2(A1-A3)2  > A2(Ax-A2)2  , (7.18) 

it  follows  that  the  condition 

2X2CXrX3)2  §"  + g’  > 0 . (7.19) 

implies  the  remaining  two  conditions  (7.13)?. 

The  condition  (7.19)  may  be  rewritten  as 

2X2*-Xl‘X3^2  g"  + g'  = e » e > 0 . (7.20) 

From  ( 7 . 2 0 ) ^ and  (7.14)^,  we  obtain 

a = "2  ~4g-’ o (Gg'  + » (7.21) 

X2(VX3) 

where 

G = X2(Xl"X3)2({>li  ‘ ^3  * (7.22) 

Writing  L2  = 1 - £2  - in  the  expression  (7.15)  for 
and  4^  and  regarding  G as  a function  of  L2  and  Z 2 
it  follows  that  if  G has  a minimum,  it  occurs  when 

I 

i 

k 

1 

t 

*’ 

i 

■ - : • . 

I 

[ '■ 
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2X3CXl'X2^1_  (Xi  + X3HX2‘X3)*3 

= A2(A2-A2)  - a2(Ai-A3)2  , 
2X2(X2-X2)*2-  (X2+X2) (X2-X2)*2 

- ' ^(XrX3)2  > 

i.e.  when 


(7.23) 


(Xl’X3)(Xl'X2)4l  = ~ + 2X2)  , 

(7.24) 

tXl-X3^X2-X3^3  = X?<X2'X3>  - 2X2  * 

2 

Since  X^  > X2  > X0  , the  value  of  given  by  (7.24)  is 

negative  and  accordingly,  G does  not  possess  a minimum  value 
for  real  values  of  & . 

We  find,  from  (7.22)  and  (7.15)  and  the  fact  that  j,  is 
a unit  vector,  that 


(Vx3)2  ^(X2*2-X3^)2 
+ X3CX1-X2^X2+X3)2(2X1X2-X1X3-X2X3^2£32 


(xrx3)2  x2cxi£rV2)2 

+ X1CX2-X3)CVX2)2(X1X2  + A1X3-2X2X3)£1£2  > 0 
X2fXl-X3)2(Xl£l-X3£3^  1 ° • 


(7.25) 


We  note  that  GL  = 0 if  and  only  if  X-.fc2  = X,£2  . 

I X/  2 ~ u 11  33 

By  an  argument  similar  to  that  used  in  showing  that  F >_  0 , 
it  follows  that  G 0 for  all  real  l and  the  value  G = 0 
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is  taken  only  when  l is  perpendicular  to  the  2-direction. 

It  then  follows  from  (7.21)  and  (7.15),  with  (7.20),  that 
a > 0 for  all  l if  w has  the  form  (7.12)  and  the  conditions 

(4.6)  are  satisfied. 
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